Abstract. Following Davies, Elekes and Keleti, we study measured sets, i.e. Borel sets B in R (or in a Polish group) for which there is a translation invariant Borel measure assigning positive and σ-finite measure to B. We investigate which sets can be written as a (disjoint) union of measured sets.
Introduction and main results
We say that a Borel set B in R is measured if there is a translation invariant Borel measure which assigns positive and σ-finite measure to B.
It is not trivial to exhibit sets which are not measured. R. O. Davies [4] constructed a non-empty compact set in R which is of zero or non-σ-finite measure for every translation invariant Borel measure (i.e. not measured). Previously, D. G. Larman [8] gave an example of a G δ set which is not measured.
Since Hausdorff measures (of arbitrary gauge functions) are translation invariant, a set which is not measured is necessarily null or non-σ-finite for every Hausdorff measure.
D. Mauldin raised the question whether the set of Liouville numbers L is measured or not. This set L is G δ and periodic to every rational number. M. Elekes and T. Keleti showed [5] that every such set, and thus L, is not measured. They also showed that non-F σ Borel subgroups of R are not measured either.
In this paper the decomposition question is investigated: which sets can be written as a (disjoint) union of measured sets. M. Elekes and T. Keleti raised several questions related to this: whether the union of two measured sets is necessarily measured, or, on the contrary, every Borel set is the union of finitely or countably many measured sets. We answer these in the negative.
In Section 2 we present a theorem which shows that Borel sets of the second category are actually large in terms of "size" as well, where size means Hausdorff measure.
Theorem 2.6. Let A, B ⊂ R be Borel sets of zero Lebesgue measure and assume that B is of the second category. Then there are Borel partitions B = B 1 ∪ B 2 , A = A 1 ∪ A 2 and gauge functions g 1 , g 2 such that the Hausdorff measures satisfy H g1 (B 1 ) = 1, H g1 (A 1 ) = 0,
This theorem might seem paradoxical when applied to A = B, or when the Hausdorff dimension of A is larger than that of B. The theorem implies that every Borel set of the second category is a union of two measured sets, in fact, two sets which are measured by Hausdorff measures.
In Section 4 we exhibit Borel and also compact sets which are not a union of countably many measured sets. This is done through addressing the problem in Banach spaces and Polish groups. (We say that a Borel set A in a Polish group is measured if there is a (both left and right) translation invariant Borel measure which gives positive and σ-finite measure to A.) First we show that Polish groups which are not locally compact are not a union of countably many measured sets (Theorem 4.1). (This can be seen as a variant of the statements that there is no Haar measure on such groups, and that the union of countably many Haar null sets is also Haar null.) Using this result, to Banach spaces we associate Borel additive subgroups of R which are not a union of countably many measured sets. For ℓ p spaces with 1 ≤ p < ∞ (and in general, when the space has a boundedly complete basis) we obtain a σ-compact additive subgroup of R which is not a union of countably many measured sets (Theorem 4.5).
Before giving this general construction in Section 4 using Banach spaces, we give a direct proof in Section 3 that there exists a non-empty compact set in R which is not a union of countably many measured sets (without referring to Banach spaces and Polish groups). The obtained compact set is very similar to those obtained by the general construction for the Banach space ℓ 1 .
Finally, in Section 5 we show that the class of measured sets is not the same as the class of sets which are measured by a Hausdorff measure. This also answers a question of M. Elekes and T. Keleti. The proof is based on the facts that being measured relies much on the additive structure of a set, while being measured by a Hausdorff measure (of arbitrary gauge function) is bi-Lipschitz invariant. In fact, we give two (types) of examples. An explicit example imitates Davies's construction [4] but uses algebraically independent numbers (and a theorem of J. von Neumann). The other example involves typical C 1 images of small perfect sets. Results about typical compact sets are also mentioned.
Notation and definitions. By gauge function we mean a monotone increasing right continuous function g : [0, ∞) → [0, ∞). The Hausdorff measure with gauge function g is defined as
We say that a measure µ on the Borel subsets of a Polish group is translation invariant if µ(gB) = µ(Bg) = µ(B) for all Borel sets B and group elements g.
Decomposing sets as the union of measured sets
We start with a powerful observation. Lemma 2.1. Let B ⊂ R and let g 1 , g 2 be two gauge functions such that
Then there are disjoint sets B 1 , B 2 such that
If B is Borel or analytic then B 1 and B 2 can be chosen to be Borel or analytic, respectively.
Based on the length of the intervals we can split each
Clearly, H g1 (B 1 ) = 0 and H g2 (B 2 ) = 0. The rest of the statement follows from the fact that B 1 is an intersection of B with a G δ set.
The following statement gives a sufficient condition for a set to be a union of two measured sets. Lemma 2.2. Let B ⊂ R be a Borel (or analytic) set and let g 1 , g 2 be two gauge functions such that
Then B is a union of disjoint Borel (or analytic) sets
Proof. Let B 
The inner regularity of (generalised) Hausdorff measures [7, Theorem 3] implies that there is a compact set
The proof of the main theorem of this section will not rely on the cited general inner regularity result. Proposition 2.3. Let B ⊂ R be a Borel (or analytic) set of the second Baire category and let A ⊂ R have Lebesgue measure zero. Then there are gauge functions
The idea of the proof is the following. The set B contains a G δ set which is dense in some interval. Inside that, we construct two "balanced" compact sets and define a gauge function for each of them such that the corresponding Hausdorff measures are positive (and finite). The constructions should be made such that the resulting gauge functions are incomparable. It does not matter how small the compact sets are if they are small on different scales. Notice that if g(x) = Cx for an arbitrarily large constant C, then H g (A) = 0 since H g is comparable to Lebesgue measure. Let us assume that g = min(g 1 , g 2 ) is defined on [y, ∞) already. If we can ensure during the constructions of the compact sets that
, where ε is sufficiently small depending on y, g(y) and A, then we will be able to achieve H g (A) = 0.
Proof. Fix a sequence of open intervals (I j ) such that diam I j < ∞ and every point in A is covered by infinitely many I j . This is possible since A has Lebesgue measure zero. Let
Then c(δ) → 0 as δ → 0. Every analytic set has the Baire property. Since B is not of the first category, this implies that B contains a G δ subset which is dense in some open interval. We may assume that this interval is (0, 1).
For every positive integer m there exist points x 
where
is already defined for some k ≥ 1, let F 
This is an intersection of nested compact sets and
and g i is linear on the intervals [r 
Proof of Claim 2.4. The obvious covering of
i be the unique Borel probability measure on F i for which
We claim that
for every interval I of length less than r i 1 . If this is true then j g i (diam I j ) ≥ 1/8 for any sequence of intervals I j of length less than r i 1 covering F i , and thus
is at least 0.8/m i k+1 , so the same applies to F i k+1 . Therefore diam I can intersect at most 1 + 2m
k+1 . This implies, by (1) , that
Notice that
Proof of Claim 2.5. Let
is chosen large enough compared to m 
, and (3) c(ρ
Recall that
Recall the intervals I j which are covering A infinitely many times. Let (5) and then (3) or (4) implies that
Since A is covered by
for every n, and
These two claims conclude the proof of Proposition 2.3.
We obtain our main theorem as a corollary of Propostition 2.3 and Lemma 2.1. 
Proof. Use Proposition 2.3 for the sets B ′ = B and A ′ = A ∪ B. We obtain gauge functions g 1 , g 2 such that H min(g1,g2) (A ∪ B) = 0 and that
Notice that in the proof of Proposition 2.3 we actually constructed the compact sets which we use in the proof of Lemma 2.2, therefore the inner regularity property of general Hausdorff measures for analytic sets is not needed.
Corollary 2.7. Every Borel set B ⊂ R of the second category is a union of two disjoint Borel sets which are measured by Hausdorff measures.
Proof. If B has positive Lebesgue measure, then the statement is obvious, as Lebesgue measure is also a Hausdorff measure. Otherwise apply Theorem 2.6 with A = ∅.
3. Sets which cannot be written as a union of measured sets Lemma 3.1. Let J be a countable set. Let µ j (j ∈ J) be translation invariant Borel measures on R. Let K j ⊂ [0, a j ] be compact sets with µ j (K j ) = 1. Assume that j a j < ∞.
Let B be a Borel set containing uncountably many disjoint translates of K. Then there are no Borel sets B j with B = ∪ j B j where every B j has σ-finite µ j -measure.
Remark 3.2. It will be shown later that this lemma implies that if a set is "essentially closed under finite or countably infinite addition", then it is not a union of finitely many or countably many measured sets.
The proof is based on the convolution of the measures µ j | Kj and Fubini's theorem.
Proof. Let µ be the product of the measures µ j | Kj on the compact product space
This is a continuous map. The image of µ under π, π * (µ), is the convolution of the measures µ j | Kj . Clearly, π * (µ) is a probability measure supported by the compact set K.
Let T ⊂ R be uncountable, and assume that the sets K + t (t ∈ T ) are disjoint. Assume that B j are Borel sets with K + T ⊂ ∪ j∈J B j .
For every t ∈ T , K ⊂ ∪ j (B j − t). Therefore there is a j(t) ∈ J such that
Since J is countable and T is uncountable, there is k ∈ J and an uncountable
Using this with (6),
where u ∈ R is obtained in a form u = j∈J, j =k x j with x j ∈ K j . Using that µ k is translation invariant and u ∈ j∈J\{k} K j ,
Since the sets K +t (t ∈ T ′ ) are disjoint and T ′ is uncountable, from (7) we conclude that B k is not σ-finite with respect to µ k . Theorem 3.3. Let 2 ≤ n 1 ≤ n 2 · · · be a sequence of integers tending to infinity. Let
Then A is a non-empty compact set which is not a union of countably many measured sets.
The proof is based on Lemma 3.1 and the following property of A. Whenever sets A j ⊂ A are given, there is a translate B j of a 'large part' of A j such that B j ⊂ A; moreover, there is a perfect compact set P such that P + B j ⊂ A where the translates of B j are pairwise disjoint.
Proof. The set A ⊂ [0, 1] is clearly compact and has the cardinality of the continuum.
Assume that A = ∞ j=1 A j where each A j is measured by a translation invariant Borel measure µ j . As every finite and σ-finite Borel measure is inner regular, there are compact sets K j ⊂ A j such that 0 < µ j (K j ) < ∞.
Every x ∈ A can be uniquely expressed in the form
for which we also have
Our first aim is to replace each K j by a large compact subset K ′ j on which k i (x)/n i is uniformly convergent. Let t m (x) denote the smallest positive integer r such that
Then t m : A → {1, 2, . . .} is not continuous, but {x ∈ A : t m (x) ≤ r} is compact for every integer r. For each j, by an induction argument, we can choose r j 1 , r j 2 , . . . so large that the set
Now we would like to replace K ′ j by a large compact set K ′′ j for which (10) holds. Define h r : A → A as the map
. That is, we divide K 
Since j 4 −j = 1/3 < 1/2, we have
Note also that (9) implies that
We will now find a perfect compact set P such that P + K ⊂ A where all the translated copies are disjoint. and that
for l = 1, 2, . . .. For j = 1, 2, . . . , l + 2, inequality (12) implies that
For j ≥ l + 3, we can use (10) to conclude that for every x ∈ K,
We will show that P + K ⊂ A and that (p + K) ∩ (q + K) = ∅ whenever p, q are distinct elements from P . Since
Let p, q ∈ P with p = q. Let b p (l) and b q (l) be the integers corresponding to p and q in the definition of P . Let
and assume, without loss of generality, that b p (l 0 ) = 0 and b q (l 0 ) = a(l 0 ). Then, for every x ∈ p + K, (13) implies that
On the other hand, for every x ∈ q + K, we clearly have
Therefore p + K and q + K are disjoint sets. We proved that A contains uncountably many disjoint translates of K. Recall that 0 < µ j (K ′′ j ) < ∞, and we can renormalise these measures to have µ j (K ′′ j ) = 1. Therefore we can apply Lemma 3.1. We obtain that A cannot be written in the form of ∪ j A j , where each A j has σ-finite µ j measure. This contradicts our initial assumption. So A is not a union of countably many measured sets.
Measured sets in Polish groups and Banach spaces
We will consider Borel subgroups G of Polish groups. We say that a (Borel) measure µ is translation invariant on G if it is both left and right invariant. (For non-Abelian groups, assuming only left or right invariance is not enough for the analogue of Lemma 3.1 to hold.) The notion of measured sets is the same as before: A ⊂ G is called measured if there is a translation invariant Borel measure on G such that µ assigns positive and σ-finite measure to A.
Theorem 2.8 in [5] proves that every (additive) Borel subgroup of R which is not F σ is not measured. The same proof also gives that if G is a Borel subgroup of a Polish group, and G is not σ-compact, then G is not measured. Here we prove the following stronger statement. (1) Let G be a Polish group. If G is not locally compact, then G is not a union of countably many measured sets. (2) Let G be a Borel subgroup of a Polish group. If G is not σ-compact, then G is not a union of finitely many measured sets.
We remark that a Polish group is σ-compact if and only if it is locally compact. (Any separable and locally compact metric space is σ-compact. For the other direction, Baire category theorem implies that in every countable covering of G with compact sets there is one with non-empty interior.)
To prove the theorem, we will use an analogue of Lemma 3.1 in this group setting. To study infinite products, we need the completeness of the space, so the lemma is as follows.
Lemma 4.2. Let J be a finite set and G be a Borel subgroup of a Polish group; or let J be countable and G be a Polish group.
Let µ j (j ∈ J) be translation invariant Borel measures. Let K j ⊂ G be compact sets with 0 < µ j (K j ) < ∞. If J is infinite, assume that the infinite product
(in some order) exists, giving a compact set K ⊂ G. Let B be a Borel set containing uncountably many disjoint translates of K. Then there are no Borel sets B j with B = ∪ j B j where every B j has σ-finite µ j -measure.
Proof. The proof is essentially the same as the proof of Lemma 3.1. It is easy to check that the earlier proof works even if the group is not Abelian.
The following lemma and its proof are essentially contained by [5, Theorem 2.8] (there G is a subgroup of R). Lemma 4.3. Assume that G is a topological group which is not σ-compact. Then every compact set K ⊂ G has uncountably many disjoint translates in G.
Proof. We define a transfinite sequence of points {t α ∈ G : α < ω 1 } by transfinite induction so that the sets {t α K : α < ω 1 } are pairwise disjoint. Clearly,
Therefore, at step α our task is to find t α ∈ G such that t α / ∈ t β KK −1 for any β < α. Since KK −1 is compact, the set ∪ β<α t β KK −1 is σ-compact and cannot cover G. So the induction works.
Proof of Theorem 4.1. First let us note that in every Polish space, every finite Borel measure is inner regular (that is, the measure of every Borel set can be approximated using compact subsets), see [2, Theorem 7.1.7] . The same holds for measures defined on any Borel subset of any Polish space.
To prove part (2), let G be a not σ-compact Borel subgroup of a Polish group. Assume that G = ∪ n j=1 A j , where the sets A j are Borel and there are translation invariant Borel measures µ j such that 0 < µ j (A j ) and µ j is σ-finite on A j . Choose compact sets K j ⊂ A j such that 0 < µ j (K j ) < ∞. Let K = n j=1 K j . This is a compact set in G. Combining Lemma 4.3 with Lemma 4.2 for B = G gives that our initial assumption is false. This proves that G is not a union of finitely many measured sets.
To prove part (1), let G be a not σ-compact (not locally compact) Polish group. Assume that G = ∪ ∞ j=1 A j , where the sets A j are Borel and there are translation invariant Borel measures µ j such that 0 < µ j (A j ) and µ j is σ-finite on A j . Choose compact sets K j ⊂ A j such that 0 < µ j (K j ) < ∞. It is easy to see that for each j, there is x j ∈ K j such that the intersection of K j with any neighbourhood of x j has positive µ j measure. We define K ′ j by translating K j by x −1 j and intersecting it with a small neighbourhood of the identity,
(Here the distance is the metric realising that G is a Polish group.) Then µ j (K Corollary 4.4. Let X be an infinite dimensional separable Banach space. Then X is not a union of countably many measured sets. Moreover, every closed not locally compact subgroup of X has the same property.
Proof. Every closed subgroup of X is a Polish group (using the same metric). Theorem 4.1 implies the statement.
Based on Corollary 4.4, now we construct Borel and σ-compact additive subgroups of R which are not a union of countably measured sets.
We write X r = {x ∈ X : x ≤ r} for the closed ball in the Banach space X of radius r centred at 0. Theorem 4.5. Let X be an infinite dimensional Banach space with Schauder basis (e i ).
where by (k i /n i )e i ∈ X we mean that the sum converges in X; then the sum
Then A is a Borel additive subgroup of R and is not a union of countably many measured sets.
If the Schauder basis is boundedly complete, then A is σ-compact.
Remark 4.6. For every 1 ≤ p < ∞, the space ℓ p (with the standard basis) is boundedly complete, therefore the obtained A is σ-compact and not a union of countably many measured sets.
Remark 4.7. For every r > 0, let
where by (k i /n i )e i ∈ X r we mean that the sum converges in X to a point in X r . Then A r is not a union of countably many measured sets. Also, the closure of A r is in A. For ℓ p spaces with the standard basis (and whenever the basis is monotone and boundedly complete), A r is compact. (See the proof of Theorem 4.5 for proofs.)
Remark 4.8. In the set
every point has a unique representation of the form
Proof of Theorem 4.5. As (e i ) is a Schauder basis, every v ∈ X has a unique representation as
It is well known that there is a constant C > 0 (depending on the basis only) for which |x i | ≤ C v , for every i and v ∈ X.
Therefore i (k i /n i )e i ∈ X r implies that |k i /n i | ≤ Cr, and thus i k i /(n 1 · · · n i ) indeed always converges.
Assume r < 1/(3C). Then (k i /n i )e i ∈ X r implies that |k i /n i | < 1/3 and therefore k i ∈ {−m i , . . . , m i } with m i = ⌈n i /3⌉ − 1, so k i can take only less than n i different values. Remark 4.8 implies that in this case every point in A r (defined in Remark 4.7) has a unique representation of the form
and for r > 0,
As (e i ) is a basis, G is weakly closed, and thus closed. In fact, G is a closed subgroup of X; it is the closure of the subgroup generated by the vectors e i /n i . On the other hand, G is not locally compact. Indeed, for any h > 0 there are integers k i such that (k i /n i )e i → h. Any subsequence of (k i /n i )e i either converges weakly to 0 or it does not even converge weakly, but it does not converge in norm to 0. The set G r = G ∩ X r is also closed. Let f r : G r → A r be the map for which
This is well defined, and previous arguments imply that this is a bijection if r < 1/(3C). As (e i ) is a Schauder basis, f r is continuous. An injective continuous image (of a closed subspace) of a Polish space is Borel, hence A r is Borel and f
−1 r
is Borel when r < 1/(3C). Notice that as G is separable, it is a union of countably many translates of G r . Since A is a linear image of G, it is an additive subgroup of R, and A is a union of countably many translates of A r . Therefore A is Borel.
Claim 4.9. If (e i ) is boundedly complete, then the closure of A r is in A C ′ r , hence A is σ-compact.
If (e i ) is the standard basis of ℓ p (in general, a monotone and boundedly complete basis), then C ′ = 1 and A r is compact.
Proof. Let x j ∈ A r (j = 1, 2, . . .). Then there are integers k
As (e i ) is a Schauder basis, there is
We have C ′ = 1 when the basis is monotone by definition. We have |k j i /n i | ≤ Cr. By passing to a subsequence of (x j ) we may assume that k j i converges for every i as j → ∞.
Then being boundedly complete implies that the sum ∞ i=1 (k i /n i )e i converges, obviously to a point y ∈ X C ′ r . Clearly,
is the limit of the subsequence of the original (x j ).
Claim 4.10. For r < 1/(3C), A r is not a union of countably many measured sets.
Proof. Assume that A r is a union of countably many measured sets. Let µ j be translation invariant Borel measures on R for which there are Borel sets A j with A r = ∪ j A j , µ j (A j ) > 0 and µ j is σ-finite on A j . Let ν j be the image of the measure µ j | Ar under f
Notice that f r basically preserves the group structure in the sense that if x, y, x + y ∈ G r then f r (x) + f r (y) = f r (x + y).
So ν j is "translation invariant inside G r ". Therefore we can extend ν j to a translation invariant measure on G in the following way. For a Borel set S ⊂ G define
where {S k } is a Borel partition of S and v k ∈ G such that S k + v k ⊂ G r for every k ≥ 1. Such choice of S k and v k exists because X is separable, countably many translates of G r covers G. Property (14) of ν j implies that ν * j (S) is well-defined. It is easy to check that ν * j is indeed a measure.
Thus G is a union of countably many measured sets. But this contradicts Corollary 4.4 since G is a closed not locally compact subgroup of X. Therefore A r is not a union of countably many measured sets if r < 1/(3C).
Claim 4.11. For every r > 0, A r and A are not a union of countably many measured sets.
Proof. Let 0 < s < 1/(3C) and r ∈ (s, ∞], where A ∞ = A and G ∞ = G. Since G r is covered by countably many translates of G s , we see that A r is also covered by countably many translates of A s and A s ⊂ A r . It is easy to check that if A r was a union of countably many measured sets, then so would be A s . Claim 4.10 implies our claim. Claim 4.9 and Claim 4.11 conclude the proof of Theorem 4.5.
Typical sets and measured sets
In this section we prove that there is a measured (compact) set in R which is null or non-σ-finite for every Hausdorff measure (with arbitrary gauge function). We also show that 'many' C 1 images of sets similar to those constructed in Section 3 and 4 are measured, but not a union of countably many sets which are measured by Hausdorff measures.
We start with a few lemmas.
Lemma 5.1. Let A ⊂ R and f : A → R be Lipschitz with Lipschitz constant L. Then
for any gauge function g.
Proof. Consider an arbitrary covering {U
Cover f (U i ) with ⌈L⌉ many intervals of length diam U i . The union of all these intervals cover f (A). Therefore Proof. If A is countable, then the counting measure measures A. Otherwise A contains non-empty perfect sets and thus supports non-atomic Borel probability measures. Any such measure µ on A can be extended to be a translation invariant Borel measure µ * on R for which µ * (A) = 1, see [6, Lemma 2.17].
Theorem 5.4. There is a compact set in R which is measured by some translation invariant Borel measure, but it is not measured by any Hausdorff measure.
Proof. It follows from a result of J. von Neumann [9] that there is an algebraically independent non-empty perfect set in (2, ∞). We can find non-empty disjoint perfect sets P i (i = 1, 2, . . .) in P . Let
where products of sets is defined as ST = {st : s ∈ S, t ∈ T }. Then A ⊂ (2, ∞) is clearly closed. Since P is algebraically independent, the equation x − y = u − v in A only has trivial solutions. Therefore A is measured by Lemma 5.3.
On the other hand, let
where log S = {log s : s ∈ S}. We claim that B is not measured. (This will be very similar to the argument Davies used in [4] .) Indeed, let µ(B) > 0 for a translation invariant Borel measure. Then there is n such that µ(log P 1 + . . . + log P n ) > 0. Since P is algebraically independent, the sets log P 1 + . . . + log P n + t (t ∈ log P n+1 ) are all disjoint. Since log P n+1 is uncountable, µ must be non-σ-finite on log P 1 + . . . + log P n+1 , hence also on B.
Since A is a bi-Lipschitz image of B, the set A cannot be measured by any Hausdorff measure by Lemma 5.2.
The set A is closed but not compact. To obtain a compact example, take
Now we aim at the stronger theorem that there are compact sets which are measured, but not a union of countably many sets which are measured by Hausdorff measures. only has trivial solutions, that is, x = u and y = v, or x = y and u = v. In particular, the equation x − y = u − v in f (E) only has trivial solutions. Then Lemma 5.3 implies that f (E) is measured.
Lemma 5.6. There is a non-empty compact set E ⊂ R of box dimension 0 which is not a union of countably many measured sets.
Proof. The set A in Theorem 3.3 can be easily modified to have box dimension zero. Let 2 ≤ n 1 ≤ n 2 · · · → ∞, and let N i ≥ n i i . Then the same proof shows that
: k i ∈ {0, 1, . . . , n i − 1} and
is not a union of countably many measured sets. It is easy to check that A ′ has box dimension zero.
Theorem 5.7. There is a compact set in R which is measured by some translation invariant Borel measure, but it is not a union of countably many sets which are measured by some Hausdorff measures.
Proof. Let E be the compact set given by Lemma 5.6. Assume E ⊂ [0, 1]. Lemma 5.5 implies that for a typical f ∈ C 1 ([0, 1]), f (E) is measured. Therefore there is also such an f close in C 1 norm to the identity x → x. In particular, there is a biLipschitz C 1 function f for which f (E) is measured. Since E is not a union of countably many measured sets and f is bi-Lipschitz, Corollary 5.2 implies that f (E) is not a union of countably many sets which are measured by some Hausdorff measures.
In a sense, we proved that in a carefully chosen category of compact sets a typical set satisfies Theorem 5.7. We finish by noting that if we consider non-empty compact sets in the Hausdorff metric, then typical compact sets are measured: they even satisfy Lemma 5.3. Moreover, typical compact sets are measured by a Hausdorff measure as well; this is a theorem of R. Balka and the present author [1] .
Theorem 5.8. For a typical compact set K ⊂ R in the sense of Baire category (in the complete metric space of non-empty compact sets with the Hausdorff distance) there is a gauge function g with H g (K) = 1.
Note also that for every fixed gauge function g with lim x→0 g(x) = 0, the typical compact set K satisfies H g (K) = 0.
